This paper presents an analytical study on optimization of a laminated composite wing structure for achieving a maximum¯utter speed and a minimum weight without strength penalty. The investigation is carried out within the range of incompressible air¯ow and subsonic speed. In the ®rst stage of the optimization, attention has been paid mainly to the effect on¯utter speed of the bending, torsion and, more importantly, the bending±torsional coupling rigidity, which is usually associated with asymmetric laminate lay-up. The study has shown that the torsional rigidity plays a dominant role, while the coupling rigidity has also quite a signi®cant effect on the¯utter speed. In the second stage of the optimization, attention has been paid to the weight and laminate strength of the wing structure, which is affected by the variation in laminate lay-up in the ®rst stage. Results from a thinwalled wing box made of laminated composite material show that up to 18 per cent increase in¯utter speed and 13 per cent reduction in weight can be achieved without compromising the strength. The investigation has shown that a careful choice of initial lay-up and design variables leads to a desirable bending, torsional and coupling rigidities, with the provision of an ef®cient approach when achieving a maximum¯utter speed with a minimum mass of a composite wing.
INTRODUCTION
In addition to the well-known high speci®c strength and stiffness, the use of composite materials in aircraft design offers many advantages to tackle the dynamic and aeroelastic problems, such as divergence,¯utter and gust response. In some of the pioneering papers [1±4], it was found that the warping restraint and elastic coupling have positive effect on the divergence speed of forward-swept laminated composite wings. Investigation into the effect of elastic coupling on the¯utter speed of composite wings has also been carried out as evident from literature [5, 6] . Later efforts have been made to optimize laminated composite wing structures to produce desirable aeroelastic effects [7±10] . It has been found that optimized asymmetric lay-up associated with relatively high coupling rigidity could be advan-tageous from an aeroelastic point of view. Symmetric lay-up associated with low coupling rigidity is normally undesirable for aeroelastic stability although it has often been employed in real life mainly due to the strength requirement and ease of manufacture.
In this paper, laminates of both symmetric and asymmetric lay-ups with low and relatively high coupling rigidities have been examined to achieve an optimal design of a composite wing with a maximum utter speed. In order to ensure an ef®cient way of achieving an optimal lay-up, two optimization approaches have been investigated. In the ®rst approach, the¯utter speed was set in the objective function directly. In the second approach, optimization was carried out to minimize an objective function containing the torsional and coupling rigidities rather than the¯utter speed. This was subsequently followed by a separate optimization procedure to maximize thē utter speed. It has been noted that the optimal solution depends upon the initial lay-up, the optimization variables and the optimization approach used. The solution for an optimized composite wing may not be unique although the ®nal¯utter speeds and lay-ups associated with different combinations of bending, torsional and coupling rigidities often appear to be very close to the optimum. Because of the changes in ®bre orientation, the rigidities and strength of the wing structure may be changed after the optimization. An increase in torsional rigidity, which is generally in favour of¯utter speed, is normally associated with a strength reduction of laminates. In order to regain the strength of the laminates reduced in the above stage, a second stage of optimization was carried out. At this stage, it was chosen to optimize the cross-sectional geometry of the original wing structure along its span instead of laminate thickness [10] .
For illustrative purposes, a swept-back wing with a thin-walled box cross-section made of laminated carbon±epoxy material has been taken as the demonstration example in this paper. Accurate estimation of rigidity values of composite thin-walled box structures has been the subject of research for a number of investigators in recent years [11±15] . Based on an asymptotic analysis of two-dimensional shell theory, Berdichevsky et al. [14] developed the variational asymptotical theory to derive the governing equations of anisotropic thin-walled beams. Later Armanios and Badir [15] extended this theory to the free vibration analysis of anisotropic thin-walled beams. In the present work the method described in reference [15] is used to determine the stiffness coef®cients for thinwalled composite beams. The governing equations of motion in free vibration are rewritten in matrix form by using the dynamic stiffness method [16, 17] . The Wittrick±Williams algorithm [18] is used to calculate the wing structural modes for higher accuracy and better computational ef®ciency. With regard to the unsteady aerodynamic loading calculations, as required for the¯utter analysis, both the strip theory and the lifting surface theory [19] have been used independently in order to check and validate the results. The well-known V±g method is ®nally used as a solution technique in the¯utter analysis, which for the present problem is restricted to the lower range of the air speeds.
STRUCTURAL PROPERTIES AND MODAL ANALYSIS

Stiffness and strength of a composite box beam
A swept-back composite wing of the planform as shown in Fig. 1 has been taken as an example in this paper. The laminated composite box section shown in Fig. 2 is basically the principal load-carrying structure of the wing. Other parts forward of the front spar and behind the rear spar forming part of the airfoil shape are assumed to contribute only to mass and inertia properties and also for the calculation of aerodynamic forces on the wing. The structural optimization is, therefore, limited to the box section of the wing. In order to compare the strength of different laminated lay-ups, the classical lamination theory and the usual limit criterion [20] were employed.
Modal analysis using the dynamic stiffness matrix method
The primary structure of the wing is idealized as a thinwalled laminated composite cantilever beam. The governing differential equations given by Lottati [6] among others are used as follows to represent the free vibration motion of the cantilever composite wing, but with the effect of shear deformation, rotatory inertia and warping ignored:
where h and C are the transverse displacement and rotation of the wing respectively; m, I a and X a are the mass, polar mass moment of inertia per unit length and distance between mass and geometric elastic axes of the wing cross-section respectively. The differential equations for each of the beam elements representing the wing are then rewritten in matrix form by implementing the dynamic stiffness matrix method [17] . The Wittrick±Williams algorithm [18] is subsequently used to calculate the natural frequencies and mode shapes of the composite cantilever wing structure represented by the assembly of the beam elements along the wingspan.
FLUTTER ANALYSIS AND OPTIMIZATION
Flutter analysis using the determinant and V±g methods
Using the normal mode method, the¯utter equation for an oscillating wing in the range of incompressible air¯ow and subsonic speed can be written in generalized coordinates as
where ‰K D …o †Š is a frequency-dependent dynamic stiffness matrix and ‰DŠ is the damping matrix of the structure; ‰QAŠ R and ‰QAŠ I are the real and imaginary parts respectively of the generalized aerodynamic matrix as a function of the reduced frequency parameter kˆob/V. For computational ef®ciency, the V±g method is used; for accuracy, the determinant method is also used as an alternative way to calculate the¯utter speed and frequency. In order to implement the V±g method, the above¯utter equation needs to be rewritten in a suitable form so as to present a standard complex eigenvalue problem. This procedure requires the unknown frequency o to be expressed explicitly in the dynamic stiffness matrix. It was thus necessary to express the dynamic stiffness matrix ‰K D …o †Š in the Taylor's series expansion form with the stiffness and mass matrices being separated as follows:
It is clear from equation (4) that, when high order terms above o 2 are ignored, ‰KŠ 0 and ‰MŠ 0 reduce to ®nite element stiffness and mass matrices respectively as a degenerate (approximate) case of the dynamic stiffness matrix ‰K D …o †Š. Having performed the exact modal analysis based on ‰K D …o †Š, the approximation
Unconstrained optimization for maximum¯utter speed (stage 1)
At this stage of optimization, effort is primarily focused on achieving a maximum¯utter speed by taking the advantage of tailoring ability of ®bre-reinforced laminates over isotropic materials. Since the wing weight will not be affected by ®bre orientation, an unconstrained optimization problem is therefore formulated and expressed as follows:
where f V …a † is the objective function and a represents the ®bre orientation as the design variable with fa l g and fa u g being the lower and upper bounds respectively. In solving the above optimization problem, the Davidson±Fletcher±Powell variable metric method [21] is used as the optimizer whereas the golden section method [22] based on polynomial interpolation is used for the one-dimensional search. The following nondimensional objective function is formulated to minimize f V …a †, i.e. to maximize the¯utter speed:
where V f …a 0 † and V f …a † represent the¯utter speeds of the wing box structure with the laminate ®bre orientation a 0 in the initial design and optimized a respectively. A large amount of computing time will inevitably be required in this approach because the¯utter speed needs to be calculated repeatedly in the whole optimization procedure. An alternative and more ef®cient approach would be to involve the¯utter analysis for a new favourable lay-up rather than from the initial lay-up. From the classical theory of aeroelasticity it is generally known that the torsional rigidity of a wing has a relatively larger effect on aeroelastic behaviour than its bending rigidity. In addition, it has been found from previous research [9] that in the particular context of a composite wing the bending±torsion coupling rigidity K also has signi®cant effect on¯utter characteristics. Therefore an objective function involving the torsional rigidity GJ and coupling rigidity K is formulated as follows (this was used to achieve the most favourable lay-up before performing the¯utter calculation):
A minimum value of the above objective function may not necessarily correspond to a design that gives the maximum¯utter speed. However, the optimal solution obtained by using equation (8) will no doubt provide a favourable lay-up that will increase the¯utter speed. Starting from such a new lay-up, it is expected that computing time can be signi®cantly reduced in the subsequent optimization when employing equation (7) and thus the overall aeroelastic tailoring would be more ef®cient.
Constrained optimization for minimum strength reduction (stage 2)
As a result of the above stage 1 procedure, the optimized wing box normally has a larger torsional rigidity associated with the change in ®bre orientations. This may cause an increase in maximum stress and failure index in the laminates subjected to a force and hence a reduction in strength. To this end the maximum stress theory has been applied to the laminate strength analysis. In order to minimize the strength reduction, stage 2 of optimization has been carried out by taking the cross-sectional dimensions of the wing box along its span as design variables. The¯utter speed was taken as a constraint condition so as to maintain the maximum utter speed achieved in stage 1. The total weight of the wing was also considered in the optimization. Instead of creating an additional constraint condition, the weight was combined together with the stress to create an objective function f s …c † as presented below. This stage 2 optimization was carried out by solving the following constrained optimization problem:
where R s …c †ˆs 1t …c †/s 0 represents a ratio of the maximum tensile stress in ®bre direction in the optimized laminates against that in the initial design of the wing box; R W …c †ˆW…c †/W 0 represents the ratio of the weight of the optimized wing box against the initial design; V max and V f …c † represent the maximum¯utter speed achieved in stage 1 and the optimized¯utter speed in stage 2 respectively; {c} represents the cross-section dimensions of the wing box along its span taken as design variables with lower and upper bounds, {c l } and {c u } respectively. In stage 2, the constrained optimization was converted into a sequence of unconstrained optimization problems using the penalty function method. The Broydon±Fletcher±Goldfarb±Shanno method was used as optimizer and the golden section method was used for one-dimensional search [22] .
EXAMPLES AND DISCUSSION
Initial laminate lay-up
In the composite wing example shown in Fig. 1 , the uniform thin-walled box beam of the cross-section as shown in Fig. 2 forms the primary wing structure. The left and right sides of the box play the role of the front and rear spars while the top and bottom sides represent the wing skins. In the initial lay-up, each side of the box beam is made up of symmetric laminates consisting of eight plies with stacking sequence presented in Table 1 (see Fig. 2 ). This choice was in¯uenced by the fact that such lay-ups provide a reasonably high bending and torsional rigidity and also good combination of laminate strength in all directions for the wing. When taking the ®bre orientations as design variables in this case, the total number of independent design variables for the wing box is 16. Although the laminate on each side is limited to symmetry, the lay-up on different sides could be different after the optimization and may result in asymmetric lay-up for the whole wing box section associated with non-zero coupling rigidity. The computed bending, torsional, coupling rigidities and¯utter speeds using strip and lifting-surface theory respectively are given in Table 1 .
Aeroelastic optimization by ®bre tailoring (stage 1)
Direct aeroelastic optimization approach
Symmetric lay-up (case 1). In the ®rst attempt at optimization, ®bre orientations on each side of the box section were changed together and limited to symmetric lay-up. Hence there were only four design variables involved in the optimization. In this ®rst approach to optimization, the objective function expressed in equation (7) was employed directly to search for the maximum¯utter speed. As the result, the bending± torsion coupling rigidity remained zero like the initial lay-up and an optimal lay-up with maximum¯utter speed at aˆ45 was obtained as shown in Table 1 (see results for case 1).
Asymmetric lay-up (case 2). It was expected that a higher¯utter speed could be achieved if the lay-up was not limited to symmetric case. Therefore, in the second attempt the optimization was restarted from the initial lay-up using equation (7) . Without a symmetric lay-up limitation, four ®bre orientations on each side of the box section involving a total of 16 design variables were now used in the optimization. As expected, more computing time was consumed to achieve the ®nal solution. As shown in Table 1 (see results for case 2), the results indicate a different lay-up from that of the case 1 and give a higher¯utter speed. It has been noted that little change occurs in the laminates comprising the front and rear spars because the¯utter is not sensitive to their layup in this case.
Asymmetric lay-up (case 3). From the previous case 2 results, it has been realized that the optimization ef®ciency may be improved by selecting only those design variables that have a signi®cant effect on¯utter speed. In this case, therefore, only the ®bre orientations in the top and bottom skins were taken as design variables in the optimization. With reduced computing time an optimal lay-up was obtained and shown in the case 3 results of Table 1 . These results give an alternative design solution with the lay-up in the front and rear spars remaining the same as initial design but the skin lay-up being different from that of case 2. It is also interesting to note that both the torsional and the coupling rigidities and also the achieved¯utter speed are slightly higher than those of case 2.
Indirect aeroelastic optimization approach
Rigidity optimization (case 4.1). From the above results, it has been noticed that a combination of relatively large torsional and coupling rigidities may result in a high¯utter speed. For further investigation, an alternative approach was attempted with the expectation of a more ef®cient optimization and a better solution. Starting from the initial lay-up, the rigidity-based objective function expressed in equation (8) was employed ®rst. There were 16 design variables involved in the optimization without limiting the case to a symmetric lay-up. A stacking sequence with the maximum sum of torsional and coupling rigidities for the wing box was obtained and listed in Table 1 (see the results for case 4.1). Since the optimization does not involve¯utter calculation yet, the computing time was signi®cantly reduced. For the same reason however, the maximum¯utter speed is yet to be achieved although over 10 per cent increase in¯utter speed against the initial design has so far been obtained. Because all the four sides of the wing box section contribute to the torsional and coupling rigidities, all design variables have been changed in this case. Comparing these results with those of cases 2 and 3, it is clear that a larger coupling rigidity or sum of torsional and coupling rigidities does not necessarily result in a higher¯utter speed. The maximum¯utter speed must be associated with a more rational combination of the torsional and coupling rigidities than that presented in equation (8) .
Aeroelastic optimization (case 4.2) . In order to achieve a maximum¯utter speed, the optimized stacking sequence from the above case 4.1 was then taken as a new starting point for a direct solution of the aeroelastic optimization problem using equation (7) . Taking all 16 variables again, the optimized lay-up and¯utter results were obtained as shown in Table 1 (see the case 4.2 results). Compared with the results for case 2 where the same objective function and number of variables were used, the computing time in this indirect optimization approach is signi®cantly less as expected. Similar to the case 2, the stacking sequences of the front and rear spar remain unchanged because the¯utter speed is much less sensitive to their lay-up than that of the skins. Thē utter speed is further increased by 7.3 per cent from that in case 4.1, as can be seen in Table 1 . As the ®nal result of this approach, the¯utter speed is increased by 18 per cent from the initial design.
Effect of stiffness properties on¯utter speed
Once the mass, inertia property and geometry dimension of the wing have been determined, the¯utter speed largely depends upon the bending, torsional and coupling rigidities, which in turn depend on the laminate lay-up of the wing box. In order to compare the effect of bending and torsional rigidities on¯utter behaviour, utter speeds were also computed for the composite wing box in symmetric lay-up with ®bre angles varying from 0 to 908. In such symmetric lay-up, the coupling rigidity K remains zero and thus has no effect on thē utter speed. As shown in Fig. 3 , the results indicate that the¯utter speed follows a trend similar to that of the change in the torsional rigidity GJ without signi®cant effect from bending rigidity EI. When GJ reaches its maximum value, the¯utter speed also reaches maximum with its value V fˆ1 82.2 m/s, which is almost triple the value of V fˆ6 3.2 m/s at minimum GJ.
Regarding the asymmetric lay-up cases, results in Table 1 show that higher¯utter speed can normally be achieved with the contribution of coupling rigidity. To investigate further the effect of torsional rigidity GJ and the coupling rigidity K,¯utter speeds were also calculated for a number of asymmetric cases listed in Table 1 by taking Kˆ0 and GJˆ0.61 MN m 2 (initial lay-up). As shown in Fig. 4 , the¯utter speeds are signi®cantly reduced in all cases when coupling rigidity K is ignored (i.e. taking Kˆ0). The¯utter speeds are further reduced when the torsional rigidity GJ is reduced to its initial lay-up value (GJˆ0.61 MN m 2 ). Therefore more attention is worth paying to a desirable combination of GJ and K to achieve a maximum¯utter speed in asymmetric lay-ups.
During the investigation it has also been observed that lay-ups of some components of the box structure such as the front and rear walls (spars) have an obvious effect on the rigidities. However, they have little effect on the¯utter speed of the wing box as shown in cases 2 and 4.2. Therefore, attention is ®nally drawn to the effect of starting point for optimization, selection of variables and approaches on the optimal lay-up result. In terms of¯utter and optimization ef®ciency, the second approach and the results in case 4.2 have the advantage over others.
Structure optimization with aeroelastic constraint (stage 2)
After the laminates lay-up tailoring in stage 1, it is noticed that the bending rigidity of optimized box beam has been signi®cantly reduced, while the torsional rigidity has been increased in all cases. Consequently the ratio of maximum stress s…c † in the optimized laminates against the initial value s 0 under the same loading condition is increased as shown in the stage 1 result of Table 2 . This raises concern about the strength of the optimized wing structure. Therefore, in stage 2 of optimization, effort was made to minimize the strength reduction and weight of the wing box by carrying out the constrained optimization described in section 3.3. The solution shown for case 4.2 in Table 1 was chosen as the ®nal aeroelastic tailoring result from stage 1. In stage 2, the constrained optimization problem presented in equation (9) was solved. The wing structure was also divided into ten beam elements (sections) spanwise to calculate the¯utter speed and maximum stress in the laminates of each section. In the optimization, the depth±width ratio of the sections in the spanwise direction was kept the same as the initial design so that only ten design variables (wing box width) were involved. As the results shown in Table 2 and illustrated in Fig. 5 demonstrate, the wing box has been optimized from the initial uniform con®guration to a tapered con®guration. The change in stress ratio R s from 2.38 to 1.0 indicates that the maximum tensile stress in the laminates, which has been increased in stage 1, has been reduced to the same level as the initial design. The change in weight ratio R W from 1.0 to 0.87 indicates that the total weight of the wing box has been reduced by 13 per cent from its initial design. The unchanged¯utter ratio R V indicates that the maximum¯utter speed achieved in stage 1 has not been compromised in stage 2 constrained optimization.
CONCLUSIONS
A detailed investigation has been carried out on the aeroelastic optimization and the effect of rigidities on the¯utter speed of a composite wing box. It has been demonstrated that by optimizing the ®bre orientations a maximum¯utter speed can be achieved without any weight penalty. This is a great advantage of laminated composite structure over its metallic counterpart in aeroelastic tailoring. The following conclusions may be drawn:
1. In comparison with the symmetric lay-up of a laminate wing box, the asymmetric lay-up is favoured for aeroelastic optimization because of the contribution from bending±torsion coupling rigidity. 2. In comparison with the bending rigidity, both the torsional and the coupling rigidities have much more signi®cant effects on the¯utter speed of a composite wing. The torsional rigidity plays a relatively more dominant role in aeroelastic tailoring. No clear trend of the coupling rigidity effect on the¯utter speed can be drawn from this investigation. A desirable combination of relatively large torsional and coupling rigidities would favour the¯utter speed. 3. The solution of optimal lay-up is dependent on the initial lay-up, design variables and optimization approach and thus is not unique. 4. The lay-ups of some structural components may have a signi®cant effect on the structural rigidities but may have little effect on¯utter behaviour. A careful selection of initial lay-up and/or design variables may improve the optimization ef®ciency. 5. An unconstrained aeroelastic optimization for maxi-mum¯utter speed might reduce the laminate strength of a composite wing structure. The strength set in the initial design can be regained without compromising the maximum¯utter speed and the weight by optimizing the wing structure in a constrained optimization. 
